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ABSTRACT 

Xt  is  shown  that  the  arguments  developed  in  Vol'pert  and  Hudjaev's  paper 
for  the  Cauchy  problea  and  in  the  author's  paper  for  the  first  boundary  value 
problem  can  be  extended  to  other  kinds  of  boundary  value  problems .  As  an 
example,  equations  of  the  fora 

■  *|j  (a(t,x,u)  ~)  +  -|j  f(t,x,u)  +  g(t,x,u)  (a(t,x,u)  >  0) 
with  the  boundary  conditions 

a-g+f-0  (x-0) 

u  -  0  (x  -  1) 

and  the  initial  condition 

u  -  Uq(x)  (t  -  0) 

are  investigated,  and  the  existence,  uniqueness  and  continuous  dependence  on 
the  initial  value  of  generalized  solutions  are  proved  under  certain 
conditions*  In  proving  the  existence,  the  key  step  is  to  establish  estiaates 
on  solutions  u  of  regularized  problea,  especially  the  uniform  estlaate  of 
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A  BOUNDARY  VALOR  PROBLEM  FOR  QUASILINKAR  DBGBNBRATK  PARABOLIC  SQUAT IONS 


Zhuoqun  Wu 


| 1 .  Introduction 

Por  quasi linear  aquations  of  tha  font 

(<•1)  It  “  +  f(t,x,u)  +  q(t,x,u> 

with 


a(t,x,u)  >  0  , 

tha  Cauchy  problem  has  bean  Investigated  in  [1]  and  tha  first  boundary  valua  problaa  in 
(2],  [3].  In  this  paper,  wa  will  show  that  tha  arguments  davalopad  in  [1)-[3]  can  ba 
axtendad  to  othar  kinds  of  boundary  valua  problems.  As  an  example  wa  consider  (1.1)  with 
tha  boundary  conditions 

(1.2) 0  a(t,x,u)  -|j  ♦  f(t,x,u)  0  (x  «  0) 

(1.2) ,  u  -  0  (x  -  1) 

and  tha  initial  condition 

<1.3)  u  *  ttgtx)  (t  *  0)  . 

Por  simplicity,  only  homogeneous  boundary  conditions  ara  dealt  with  hara. 

Let  Op  "  (0,T)  x  (0,1).  Assume  that  tha  functions  a,  f  and  g  are  smooth  for 
(t,x)  e  8T  and  u  e  R. 

Tha  problaa  will  ba  formulated  in  a  generalized  sense  as  follows  (with  notations 
referred  to  (2)). 

Definition.  A  function  u  e  L*(Q^ )  n  BVlfty)  is  called  tha  generalized  solution  of 
problem  (1.1),  (1.2),  (1.3),  if  the  following  conditions  ara  fulfilledi 


1)  Thera  exists  a  function  g  e  L2(QT),  such  that 

<!•«>  //  ♦gdtdx  -  //  *U.x,u)  ~  dtdx  **ec*!(^) 

®T  °T 
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lit  ion  of 


r(t,x,u)  and  u(t,x). 

2)  o  aatiafiaa  the  integral  inequality 
(1.5)  //  sgn(u  -  k)[(u  -  k)  -  (aT^,x,u)  ^  ♦  f(t,x,u)  -  f(t,x,k)) 


(1.6) 


♦  (f„(t,x,k)  +  g(t,x,u))*]dtdx  >  0  F^eC^C,,),  ♦  >(> 

3)  For  alaoat  all  t  «  10,T], 

/X 


y(a(t,x,u)  |jj|  +  f(t,x,u)>  -  0 


(x  -  0) 

(x  -  1)  . 


(1.6) ,  Yu  -  0 

4)  For  alaoat  all  x  e  (0,1], 

(1.7)  Yu  -  Uq ( x)  (t  -  0)  . 

Remark.  From  (1.4)  it  follows  that  tha  Measure  r(t,x,u)  -  and  hence  the 

^  -  is  absolutely  continuous.  (1.5)  implies,  in  particular,  that 


A  . 

■assure  a(t,x,u) 


//  (u  -  (a(t,x,u)  -|~  ♦  f (t,x,u) )  -jj|  ♦  g(t,x,u)+)dtdx  »  0  B  Cg(QT)  . 


Hence  (a(t,x,u)  ia  a  Measure  and  the  trace  Y(«tt,x,u)  -|^)  at  the  boundary  points 

exists. 

He  sill  first  prove  the  uniqueness  and  stability  of  generalised  solutions  ({2)  and 
then  study  the  existence  (§3,  }4).  S teller  to  [11 -(3),  we  prove  the  existence  by  aeans  of 
the  eethod  of  parabolic  regular 1 rat ton,  naaely,  consider 
(1.1)C  It  “  fx  ♦  <>  -|j)  ♦  "JJ  f(t,x,u)  ♦  g(t,x,u)  (c  >  0) 

Instead  of  (1.1)  and 

( 1 • 2 ) q  (a(t,x,u)  ♦  t)  ♦  f(t,x,u)  "0  (x  ■  0) 

instead  of  (1.2)0.  However,  it  is  soaewhat  difficult  to  obtain  sons  of  the  estiaates  on 
the  solutions  of  regularised  probleas  (1.1)*,  (1.2) ^ ,  (1.2),,  (1.3),  which  we  need  for  the 
proof  of  existence. 


'2' 


§2.  OniqMMH  ud  Stability 

Thaorasi  1  (Stability  of  ganaralisad  solutions).  Ut  «,t  bo  ganaralisad  solutions 


of  aquation  (1.1)  with  tha  boundary  conditions  (1.2)  and  initial  conditions 

lu  -  u0,  rr  -  *o  (t  -  0)  . 

Than  for  alaost  all  t  8  (0,T) ,  wo  hawo 

1  1 
/  |u(t,x)  -  v(t,x)|dx  <  aP*  /  |ug(x)  -  Vg(x)|dx  , 

0  0 


wbara 


■up  1/  a  (t,x, Xu  (t,x)  ♦  (1 
Of  0  ^  1 


X)u2(t>x))dX|  . 


As  a  conaaquanca,  wa  hara 

Thaoran  2  (Onlquanaas  of  ganaralisad  solutions).  Tha  boundary  walua  problaa  (1.1), 
(1.2),  (1.3)  has  at  aost  ona  qanaralitad  solution. 

Proof  of  TTiaorau  1.  For  any  nonnagativu  function  (C  Cg (Q^ ) ,  wo  haaa  (sao  [1]) 

(2.1)  //  s«n(u  -  w)((u  -  v)  -  (att,x,u)  -|jj  -  a(t,x,v)  -|^  «•  f(t,x,u>  -  f(t,x,v>)  ||  ♦ 

♦  (g(t,x,u)  -  g(t,x,v)  >4)dtdx  >  0  . 

Slnoa  tu  “  yv  ■  0  (x  “  1),  this  inaquality  holds  evan  for  thosa  nonnagativa  functions 
4  8  CMQj)  with  supp  4  C  (0,T)  x  (0,1]  (sao  [2]). 

Lot 

«  .  0 

(2.2)  Ph(0)  -  /  «h(T)dt  -  ~  I  «(^)dT  (h  >  0) 


whara  4(c)  e  C*(R),  4(c)  >  0,  4(C)  -  0  ( I  o|  >  1),  /  4(r)dT»  1. 

— • 

Taking  4  ■  p  (x  -  2h)4(t)  with  4  8  C*(Q,T)  and  4  >  0,  from  (2.1)  wa  obtain 

n  0 

//  sgn(u  -  w)t(u  -  w)j^(x  -  2h)4*  “ 

-  (a(t,x,u>  -  a(t,x,w>  -|->  ♦  f(t,x,u)  -  f(t,x,a))4^(x  -  2h) 4  ♦ 

♦  (g(t,x,u)  -  g(t,x,v))ph<x  -  2h>4Idtdx  >  0  . 


Letting  h  ♦  0  and  uelng  La— ■  2  In  (2)  yield 


//  |u  -  vlf'dtdx  >  -  J  agnfru  -  r*>  [Y(a(t,x,u>  t-  f(t,x,u))  - 


Y<a(t,x,v)  |j  ♦  fttfX.aJJl^^dt 


-  //  sgnlu  -  v)(g(t,x,u)  -  g(t,x,v) )  +dtdx  . 


Hence,  by  virtue  of  the  boundary  condition  (1.6)q, 

//  |u  -  vlfdtdx  >  -  II  agn(u  -  v)(g(t,x,u)  -  g(t,x,v) Hdtdx  . 


Let  0  <  a  <  t  <  T  and  take  ♦(t)  *  ^(t  -  a)  -  (^(t  -  t).  Then 
//  |u  -  v|(«h(t  -  a)  -  8h<t  -  T)dtdx  • 

>  II  agn(u  -  v)(g(t,x,u)  -  g(t,x,v) )  ( (^(t  -  a)  -  <^(t  -  T>dtdx  . 

°r 

Aa  h  ♦  0,  thia  givae 


1  1  T  1 

I  lu(t,x)  -  v(T,x)|dx  «  /  |u(*,x)  -  v(a,x)ldx  ♦  H  /  /  |u(t,x)  -  v(t,x)|dtdx 

0  0  a  0 


Hence,  by  Cronvall'a  Lea—  we  obtain 


/  |u(t,x)  -  v(T,x)|dx  <  eN*T  **  /  |u(a,x)  -  v(a,x)|dx 

0  0 


and  the  deaired  reeult  follow*  by  letting  a  ♦  0, 


-4- 


§3.  latinatea  on  {*() 

In  addition  to  the  eaoothnaea  condition  on  functions  a,  f  and  g,  we  asauae  that 
f(t,0,0)  i  0  for  t  C  [0,T],  fu(t,0,u>  <0  for  t  6  10, T],  u  e  X  and  fm  ^  it 
bounded  above  for  (t,x)  «  Q^,  u  e  R  and  that  compatibility  conditions  are  satisfied  so 
that  for  any  e  >  0,  the  regularised  problem  (1.1)*,  (1.2)*,  (1.2)^,  (1.3)  has  a  solution 

u,  «  n  c3(flj). 

Proposition  1  (Maxima  principle).  Let  •  "  aax  lugf,  a.  ”  aup(f_,  ♦  a), 

MB  10, 1]  v 

«2  “  *ax  |fx(t,x,0)  ♦  g(t,x,0)|  and  X  >  a,.  Then 

5, 


(3.1) 


|uc(t,x)|  <  naxfns^,  x~j  m  {  for 


It 


(t,x)  e  flp  . 


In  particular,  vs  have 

(3.2)  tuel  <  M  for  (t.x)  e  ftp 
with  a  content  M  independent  of  C. 

Proof.  Let 

u  •  u  •  (w  ♦  kje**,  w  *  -k  ♦  ue-Xt 

*2 

where  k  -  aax(a,  -r - ).  Then 

*  -  *1 

(3.3)  f=  *  U  +  *>  ^  ’  Ux  *  £  *  VXt)  £  +  1 X  '  *x»  *  *0’"  * 

♦  (1  -  -  (fx(t,x,0)  ♦  g{t,x,0)>e'Xt  -  0  , 

where  fm  ♦  g^  denotes  the  value  of  f^,  ♦  at  seas  point. 

Da  want  to  prove  w  4  0.  If  it  la  not  true,  then  there  axlets  a  point  (tQ,Xg) 
with  0  <  tg  <  T,  0  <  xQ  <  1,  such  that  w(tg,Xg)  >  0,  w(tQ,x0)  being  the  aexlaua  of 
on  Sg.  We  can  prove  that  at  (tg.Xg), 


(3.4) 


£  >  0,  £  -  0,  A*  4  0  , 
*  *  3x2 


which  contradicts  (3.3).  Obviously,  (3.4)  holds  if  0  <  Xg  <  1.  By  (1.2)t,  Xg  -  1  is 


-3- 


lapoulblfl*  If  Xq  •  0  and  (tg,0)  <  0,  than  (tg,0)  <  0.  Sine#  u(t0#0)  >  0 

*nd  f (t* 0,0)  S  0f  fu(t,0,u)  <  0  by  atouaption,  *  Hava 

(•♦*)  |j  ♦  f  ^  ♦  fu  u  <  0 

at  (tQ,0),  which  contradict*  (1.2)*.  So  (3.4)  holds  a van  if  Xg  ■  0. 

Thus  wa  hava  proved  that  w  <  0,  i.e.  u  <  ke**.  Similarly,  wa  can  prove  that 

-ke**  <  u  by  setting  u  “  u.  “  (w  -  k)e**  instead  of  u  “  u  »  (w  ♦  Me**.  The  proof  is 

c  a 

complete. 

Proposition  2. 

3u  2 

(3.5)  //  a(t,x,ue)(-~)  dtdx  <  M, 

«T 

with  a  constant  Mf  independent  of  e. 

Proof.  Multiply  (1.1)C  by  u(>  integrate  over  Qj  and  use  (1.2)®  and  (3.2). 
Proposition  3.  Aaauec  that 

1°.  fu  <  0  for  (t,x)  e  8,,  u  e  eq  or  fu  >  0  for  (t,x)  e  u  e  Kg,  where 

Mg  m  {ui  a(t,x«u)  -  0  for  some  (t,x)  e  Qy)» 

2°.  — »  p  itself  and  it*  derivatives  are  bounded  uniformly  in  e  for 

•  +  6 

(t,x)  e  *nd  u  on  any  finite  interval. 

Then 


(3.6) 


dtdx  «  M3 


with  constants  M2,h3  independent  of  c. 

*e  8uc  e 

Proof.  Let  v  -  j—,  v  “  Differentiate  (1.1)  with  respect  to  t  and  Multiply 

the  resulting  relation  by  sgn^(v)t 


3y*> 

at 


{agnT)(v)  |^l(a  ♦  t)w  ♦  f]  > 


sgnJ^vXa  ♦  e) 


(3.7) 


,,nn<T>  li?  (*t  *  V*  ~  •9«gC»>  {*  «t  ♦  V1  *  +  V* 


X  <T)  ■  /  agn  (a)da,  agn( T) 

n  0  n  n 


-1  (t  <  -n) 
-  tlrl  <  n) 

1  (t  >  i»  . 


Two  of  th«  tana  on  tha  right  of  (3.7),  -agnMw)  nd  -agn^lT)  |2  ffc,  naad 

to  bo  trootod  forth or.  Expressing  afc  os  (a  ♦  c)p  and  using  (1.1)',  wo  have 

S  v  ■  -  h  <*fl»n(*>ot*>  ♦  •*>„<*>  £  (a^) 


■  *  |j  (egn^wMa  ♦  c)pw)  ♦  agn^v)  ^  (a  ♦  «>w  ♦  agn^(v)p  ((a  ♦  t)w) 

■  '  |j  (agn^v)  (a  *  c)pw)  ♦  egn^v)  (a  ♦  c)w  ♦  agn^(T)pv  - 


-  ognn(w)p(fx  ♦  fttw>  -  agnn(v)pg  . 

Clearly 

’•**;<*> S*t-’h <•«%<*> v  ♦  +  *t«,,)  • 

Subotitato  tbooo  into  (3.7)  and  throw  down  tha  aocond  torn  on  tho  right  which  to 
nonpooitivo.  Than 


9Z  <r>  . 


(agnq(w) 


i. 

»t 


■  h  <■%<*>**»  - 


t(«  ♦  t)w  ♦ 

w;i.>  5 


fJ)  -  |j  (agn||(w)(a  ♦  c)pw]  - 
<•«  ♦  *„>*  *  •»»„<*><?  ♦  »0>¥  * 


♦  •**„(*>  l{*  <a  ♦  t)  -  pfu  ♦  ftu]w  ♦  og«n(w)(gt  -  pfx  ♦  f^  -  pg)  . 
Xntograto  this  Inequality  over  uao  (1.2)g,  (1.2),  and  than  lot  n  ♦  0.  By  condition 

2°.  wo  obtain 


1  t  1 

(3«*>  /  Mdx  <  C,  ♦  C2  /  /  (M  ♦  |w|)dtdx  . 

0  0  0 


■ora  and  baXow,  c4  danotaa  a  oonatant  indapandant  of  c. 

to  eoaplete  tha  proof  wa  will  aaka  uaa  of  oondition  1°. 
auppoaa  f a  <  0  for  (t,x)  t  9y«  «  (  Kg. 


Tor  daf initanaaa,  wa 


Froa  (1.1)  , 


-f„w  -  jr  t(a  ♦  Ow]  +  f „  ♦  g  -  w  . 


Multiplying  it  by  agn^(v)  and  Intagrating  ovar  [0,1]  with  raspact  to  x  yiald 

1  ,  1  _ 

-  /  agn  (w)f  wdx  ■  agn  (w)(a  *  e)w|*“n  -  /  agn'(w)  -r-  (a  +  Owdx  ♦ 
q  «i  u  n  x“u  p  t]  At 


♦  /  agn  (w)(f  *■  g)dx  -  /  agn  (w)vdx  . 


Intagrating 


•jj  l(a  +  Ow  +  f)  «  v  -  g  , 


which  ia  juat  (1.1)*,  and  uaing  (1.2)*,  wa  aaa  that 


(3.10) 


I (a  ♦  e)w|  <  Cj  +  /  |v|dx  . 

0 


Uaing  (3.10)  in  (3.9)  and  latting  n  ♦  0,  wa  obtain 


(3.11) 


1  1 
-  /  fjwjdx  <  C4  +  C5  /  |v|dx 


Froa  condition  1  it  ia  aaay  to  aaa  that  thare  axiata  a  conatant  5  >  0  auch  that 


5a  -  fu  >  0  for  (t,x)  e  6j,  |u|  <  H 


C cabining  (3.11)  with 


t  1 

/  /  a|w|dtdx  <  C* 
0  0 


which  followa  froa  (3.5),  givaa 


t  1  t  1 

/  /  (5a  -  f  )|w|dtdx  <  Cj  *  C.  /  /  |w|dTdx  . 

0  0  0  0 


Hanca,  froa  (3.12)  wa  obtain 


/  /  |v|dTdx  <  C.  ♦  C 9  /  /  MdTdX 
0  0  0  0 


Subatituta  into  (3.8).  Than 


1  t  1 

/  |v|dx  <  C10  ♦  Cn  /  /  |v|dtdx 
0  0  0 


Thus  Gromall'a  Law  givaa  tha  firat  aatiaata  of  (3.6)  and  hanca  tha  aacond  ona  of  (3.6) 
follows  too.  Tha  proof  la  ceaplata. 

1  Ia"d 

mart.  It  miM  difficult  to  obtain  aharpar  aatiaataa  (Ilka  /  |gjp|dx  <  M3 ) • 
Svowing  up.  we  obtain 

Thaoraai  3.  Por  tha  faaily  (u£)  of  aolutions  of  regularised  problem  (1<1)C, 
(1.2)5.  (1.2).,  (1.3),  we  have  aatiaataa  (3.2),  (3.5),  (3.6). 


|4.  Existence 


In  this  section,  we  will  further  sesuae  that  for  any  t  *0  and  t  6  (0,T], 


(4.1)  /  a(t,1,s)da  >  0  . 

0 


Without  this  condition,  we  can  proceed  in  a  similar  way.  However,  in  that  case,  a  modified 

definition  of  generalised  solutions  should  be  Introduced. 

according  to  Theorem  3,  we  can  conclude  that  the  family  (u{)  la  strongly  contact 

in  L1  (Qj,),  naaely,  there  exists  c  -  c  ♦  0  such  that  {ue  }  converges  both  in  L1(QT) 

n 

and  pointwiae  a.e.  to  a  function  u  *  I>  (0^ )  n  BVIQj). 

That  the  limit  function  u  satisfies  condition  1 )  in  the  definition  of  generalised 
solutions  is  proved  just  as  in  [1]  and  [21. 

Let  4  e  T),  4  >  0,  supp  4  C  (0,T)  x  (0,1).  Multiplying  (1.1)*  by 
sgn  (u  -  k)4,  integrating  over  and  letting  n  ♦  0  and  e  •  e  ♦  0  successively, 

we  obtain  (similar  to  (2)) 

//  sgnlu  -  k)|(u  —  lO  —  (a(t,x,u)  +  f(t,x,u)  -  f(t,x,k))  ♦ 

®T 


♦  (f x(t,x,k)  *  g(t,x,u))4|dtdx  - 


/  sgn(k)[f(t,x,yu)  -  f(t,x,k)  -  y(a(t,x,u)  dt  ♦ 

0  x-1 


♦  /  [sgn(yu  -  k)  ♦  sgn(k)] (A(t,x, fu)  -  A(t,x,k)]  -Ml  dt  >  0 
0  'x-1 


u 

where  A(t,x,u)  “  /  a(t,x,s)d a.  First,  this  iaplles  condition  2)  in  the  definition  of 
0 

generalised  solutions. 

Secondly,  as  in  (2],  we  can  derive 

[sgn (Yu  -  k)  ♦  sgn(k))  (A(t,x,YU)  -  Att.x.k))^,  -  0  . 

This  and  condition  (4.1)  imply  (1.6),. 

The  verification  of  (1.7)  is  just  the  sane  as  in  (1). 
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Xt  NHiu  to  chock  ( 1 .6 )Q.  For  any  «t)  «  c“(0,T),  fro*  (1.2)‘  wo  how* 


*  »u 

0  ■  /  l(o(t,*,ut)  *  t)  *  t (t,x,ue>lx-0t(t)dt 

0 

■  -  /V  fc««* ♦ «» ir  +fl***h>dtdx 

0  0 

■  -  /V  fc  »• ♦  *>  S5  -  /V  t(* ♦  *>  ♦  «♦*** ' 

0  0  0  0 


whoro  11^(0)  “  1 
Notion  that 


p^fo  -  2h)  and  p^to)  is  tha  (unction  (2.2). 


T  1  .  2u  I  1  2u  T  1 

H  ta,(it,,iT*  fl*Vtdx  *  -  1 1  IT  ♦’^dtdx  *  H  <J*Jh<lt<Jx 

*  1  T  1 

■  /  /  tte<-,Whdtd*  ♦  /  /  gpudtdx 

0  0  0  0 


T  1 


T  1 


<«=r  oo)  H  +  /  /  9*t*t**  (Kx,  0 

ADO  00 


T  1  2u 

-  /  /  ((a  ♦  c)  ■£*  ♦  f]  tw^dtdx 


T  1 

-// 

0  0 


2(A(t,x,uc)  +  cue) 
dx 


ax(t,x,s)dx  f(t,x,ue> }t<t)l^(x)dtdx 


-  -  /  <A<t,x,u(>  ♦  «V^,~dt  ♦  /  /  (A(t,x,uc)  «•  eu()  tujjdtdx 

T  1  uc  T  1 

*111  ajt(t,x,o)da^dtdx  -  /  /  f(t,x,uc)M’dtdx 

0  0  0  0  0 


<^r  ♦o) 

n 


T  1  T  1  u 

/  /  A(t,x,u>#ujjdtdx  *  }  J  }  a (t,x,a)da*tfdtdx 
0  0  0  0  0  n 


/  /  f(t,x,u) tv^dtdx 
0  0 
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T  1  . 

-  -  /  /  (a(t‘,x,u)  -JJ  ♦  f(t,x,u))  fc^dtdx 

0  0 

(h^J)  l  hi*  fCt.x.u))^,**  . 

Thus  for  any  ♦  e  C*(0,T),  wa  hava 

T 

/  Y(a(V,x, u)  -|j  +  ftt.x.u)  -  0 

and  ( 1 .6)q  follows. 

Theorem  4  (Existence  of  generalised  solutions).  Tha  boundary  value  problem  (1.1). 
(1.2),  (1.3)  has  a  generalized  solution  u  which  can  ba  obtained  as  the  limit  In  L1 (QT) 
of  tha  family  {u£)  of  solutions  of  regularised  problems  (1.1)*,  (1.2)*,  (1.2)j,  and 
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